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Co-ordinate transformation

3-dimensional space

. (a, b, c), origin O: point X(z,y, z)

ep) |

(a’,b’,c’), origin O’: point X(2/,y’, 2)

Transformation matrix-column pair (Pp)

(i) linear part: change of orientation or length:
(a’,b’,¢') = (a,b,c)P
Piy P P13\ =(Pna+ Pyb+ Pse,
= (a,b,¢)| Py Pn Px Ppa + Pnb + Pie,
P31 Py Ps; Piza + Pyb + Ps3c).

(ii) origin shift by a shift vector p(p1,p2,p3):

y — the origin O’ has
O=0+p coordinates (p1,p2,p3) in
the old coordinate system



b (a',b',c")=(a,b,c)

X (a,b,c)=(a',b',c")

X =(3/4,1/4,0)

X'=(20)

Write “new in terms of old” as column vectors.



QUICK QUIZ SOLUTION

/2 1/2 0
(a',b',c")=(a,b,c)| -1/2 1/2 0

0 0 1

1 -1 0
(a,b,c)=(a',b',c)] 1 1 O

0 0 1

X =(3/4,1/4,0)

X'=(1/2,1,0)



EXAMPLE

O!

X =(3/4,1/4,0)

O=0+p X'=(-)

Linear parts as before.



QUICK QUIZ

Linear parts as before.

SOLUTION
1/2

0

-1/4

g=| -3/4
0

X =(3/4,1/4,0)
X'=(/4,1/4,0)



Transformation matrix-column pair (P.p)

1/2

1/2

1/2

-1/2

1/2

| /4

(RP)=(

0

a’=1/2a-1/2b
b’=1/2a+1/2b

c’=c

0’=0+

1/2

| /4

| | 1 0 -1/4
(P,P)'|= 1|1 | 0] |34
0| 0| I 0
° a=a’+b’
b=-a’+b’
a’ X b’
/a(\ c=¢’
1/4
O=0+ |3+
0




Short-hand notation for the description
of transformation matrices

Transformation matrix:. (3 b c), origin O

Pii | Pz | Pis || pl

® (P,P)= P21 | P2 | P || p2

P31 | P32 | P33 || p3

(a’,b’,¢?), origin O’

-written by columns
notation rules: -coefficients O, +1, -1

-different columns in one line
-origin shift

I -1 -1/4

example:  ——— { a+b, -a+b, ;- 1/4,-3/4,0




Transformation of the coordinates of a point X(x,y,z):

<)=(Rpy'(X) [
=(P,-P1p)(X)

N
\

special cases
-origin shift (P=I):
-change of basis (p=o0) :

EXAMPLE

Pi

P2

Pi3

O |

P2

P22

P23

D2

Ps)

P3>

P33

D3

-1/4

X’=(P,P)_|X= | | 0

-3/4

3/4

| /4

| /4

| /4




QUICK QUIZ

Determine the coordinates X’ of a point X=
with respect to the new basis

(a’,b’,¢’)= (a,b,c)P, with P=c¢,a,b.

HRESL ([ (<)=(Rp) (%)

0,70

0,31

0,95




Covariant and contravariant crystallographic quantities

direct or crystal basis

Pii | Pi2 | Pi3
(a’,b”C’)Z(a, b’ C)P =(a’ b, C) P2| P22 P23
P31 | P32 | P33
reciprocal or dual basis

a*> a® | a%

Pii | Pi2 | Pi3 a

b+ P-I b* |= P21 | P22 | P2 b+*

Cc*? c* P3i | P32 | P33 c*

covariant to crystal basis: Miller indices
(h’,k’,I")=(h, k, )P

contravariant to crystal basis: indices of a direction [u]

u’

v’

w’

P

P2

Pi3

P2

P22

P23

P3|

P3>

P33




Transformation of symmetry operations (VV,w)

(Wow)=(Rp)-' (Wsw)(F;p)

point image point
X X
(W,w)
z O > () & original
A A coordinates

(P,p) (P,p)

, (W" w’) _, hew
T @ 3'@ T  coordinates

ii. 2’ = (P,p)'a _ (P,p) " (W,w)z = (P,p)(W,w)(P,p)z’



Transformation of the coordinates of a point X(x,y,z):

(X)=(Pp)'(X)

=(P,-P1p)(X) | ¥

special cases

-origin shift (P=I):
-change of basis (p=o0) :

N

|

D2

D3

Transformation of symmetry operations (W,w):

(Ww)=(Ep)" (W,w)(ED)

Transformation by (P,p) of the unit cell parameters:

metric tensor G:

G=PtG P




Problem: SYMMETRY DATA
ITA SETTINGS

530 ITA settings of orthorhombic

and mohnoclinic groups

4. SYNOPTIC TABLES OF SPACE-GROUP SYMBOLS

Table 4.3.1 (cont.)
MONOCLINIC SYSTEM

Standard Extended Hermann-Mauguin symbols for various
3 settings and cell choices
No. of Schoenflies short
Space symbol F’{:r manns: abc cha Unique axis b
group 531:%;'!“ abe bat Unique axis ¢
Y abc ich Unique axis «
3 C} P2 PI121 Pl21 Pll2 Pl12 P211 P211
4 3 P2, P12,1 P12,1 P112, P112, P2,11 P2,11
5 C3 2 C121 Al121 All12 Bl12 B211 C211 Cell choice 1
2! ?'l 2! 2] 2. 2|
Al21 C121 Bl112 All2 C211 B211] Cell choice 2
2, 2, 2, 2" 2, 2
1121 1121 1112 112 1211 1211 Cell choice 3
2 2 2 2 2 2
1 1 | 1 I |
C Pm Pliml Plml Pllm Pllm Pmll Pmll
7 C,’ Pe Plel Plal Plla Plib Phil Pcll Cell choice |
Plnl Plnl Plin Plin Pnll Pnll Cell choice 2
Plal Plel Pllb Plla Pell Phbil Cell choice 3
8 c? Cm Clml Alm]l Allm Bllm Bml] Cmll Cell choice |
a ¢ b a ¢ b
Alml Clml Blim Allm Cmll Bmll Cell choice 2
¢ a a b b C
11ml I1m] Iim INlm Imll Iml] Cell choice 3
n n n " n n
9 c* Ce Clel Alal Alla Bllb Bbl | Cell Cell choice |
n n " n n n
Alnl Clnl Blln Alln Cnll Bnll Cell choice 2
a ¢ b a ¢ b
Ilal I ra 11b Illa Icll bl Cell choice 3
¢ a a b b C
10 Cih P2/m Pl-2—| Plzl Pll3 Pll—2~ P-—2-|l P-2~II
m m m m m m
[ 11 | 2 [ DY (o | DI2I| | n|2|| | nn|2| { ....2. _2.. _2._;




SYMMETRY DATA: ITA SETTINGS

Monoclinic descriptions

abc cba Monoclinic axis b
Transt. abc bac Monoclinic axis ¢
abc acb Monoclinic axis a
C12/cl | A12/al | A112/a | B112/b | B2/b11 | C2/cl1 Cell type 1
HM | C2/c | A12/n1 | C12/n1 | B112/n | A112/n | C2/nl1l | B2/nll Cell type 2
I12/al | I12/c1 | I112/b | 1112/a | 12/c11 | 12/b11 Cell type 3
Orthorhombic descriptions
No. HM abc bac cab cba bca acb
33 PTLCL21 PTLCL21 PbTLQl P21nb P21€TL PCQlTL PTL216L
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¢ New Article in Nature
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Bibao Crystallographic Server
hetp.//www.cryst. ehu.es

! Problem: Coordinate transformations :
Generators GENPOS
. General positions )
SE6EE Cenerators/Ceneral Positions -
& L 73" @ hup://koydbk.ehu.es/cryst/get_gen him v © Gk
Bibao Crystalographic Server — Generators/General Positions Help

Generators and General Positions

space group

I - oo oo o et
Tables for Crystallography, Vol. A or choose |

The space groups are specified by their number as given
in the Intemational Tables for Crystallography, Vol. A. You
can give this number, if you know it, or you can choose it

from the table with the space group numbers and symbols Generators only C

if you click on the button [choose it - Show: All General Positions
To see the data in a non conventional setting click on

[Non conventicnal Setting). Otherwise, click on

[Conventional Setting]. Conventional Setting | Non Conventional Setting | ITA Settings |

[ Bilbao Crystallographic Server Mai

For comments, please mail to
cryst@wm.lc.ohu.es

Transformation I TA-settings
of the basis symmetry data



ITA-Settings for the Space Group 15

Note:The transformation matrices must be read by columns. P is the transformation from standard to the ITA-setting.

4 )
(a,b,c) =(a,b,c) P
Example GENPOS: o
. ) ITA number Setting P pt
15 C12c1 ab,c a,b,c
15 A12n1 -a-c,b,a c,b,-a-c
15 /12/a1 cb,~a-c -a-c,b,a
default setting C12/cl 15 A12al cba csba
15 c12n1 a,-b,~a-c a,-b,a-c
15 /12/c1 -a-c,-b,c -a-c,-b,c

15 A112/a c,ab b,c,.a
15 B112/n a,~a-c,b a,c,-a-b

(VV,W)Al 12/a— 15 /112/b -a-c,cb -a-b,c,b
(P’P)-I (VV’W)C|2/C| (P,P) 15 B112/b ac~b a,-cb

15 A112/n -a-c,a,~b b,-c,-a-b

15 /112/a c,-a-c,-b -a-b,-c,a
15 B2b11 b,c,a c,a,b
v 15 Cc2n11 b,a-a-c b,a,-b-c
15 /2/c11 b,-a-c,c -b-c,a,c
final setting Al |2/a 15 C2c11 -bac brac

15 B2In11 <b,~a-c,a c,-a,-b-c
15 [2/b11 -«b,c,~a-c -b-c,-a,b



“Example GENPOS: ITA settings of C2/c(15) |

The general positions of the group 15 (A1 1 2/a)

Standard/Default Setting C2/c

ITA-Setting A1 1 2/a

(x,y,z) form matrix form symmetry operation (x,y,z) form matrix form |symmetry operation
1 0 O 0 1 0 0 0
X,V¥,2Z ( 0 1 0 o) 1 X, Y, Z ( 0 1 0 o) 1
0O 0 1 0 0 0 1 0
-1 0 O 0 -1 0 0 1/2
-X, Y, -2+1/2 ( 0 1 0 0O ) 20,y,1/4 -X+1/2, -y, z ( 0 -1 0 0 ) 21/4,0,z
0 0 -1 1/2 0 0 1 0
-1 0 O 0 -1 0 0 0
-X, =Y, -Z ( 0 -1 0 0) -10,0,0 -X, -y, -Z ( 0 -1 0 0) -10,0,0
0 0 -1 0 0 0 =1 0
1 0 O 0 1 0 0 1/2
X, -y, z+1/2 ( 0-1 0 O ) c x,0,z x+1/2,y, -z ( 0 1 o0 0 ) a x,y,0
O 0 1 1/2 0 0 =1 0
1 0 O 1/2 1 0 0 0
x+1/2, y+1/2, z ( 0 1 0 1/2) t (1/2,1/2,0) X, y+1/2, z+1/2 ( 0 1 0 1/2 ) t (0,1/2,1/2)
0O 0 1 0 0 0 1 1/2
-1 0 O 1/2 -1 0 0 1/2
-X+1/2, y+1/2, -z+1/2 ( 0 1 0 1/2) 2 (0,1/2,0) 1/4,y.1/4 |-x+1/2, -y+1/2, z+1/2 ( 0 -1 0 1/2) 2(0,0,1/2)1/4,1/4,z
0 0 -1 1/2 0 0 1 1/2
-1 0 O 1/2 -1 0 0 0
-X+1/2, -y+1/2, -z ( 0 -1 0 1/2) -1 1/4,1/4,0 -X, ~y+1/2, -z+1/2 ( 0 -1 0 1/2) -10,1/4,1/4
0O 0 -1 0 0 0 =1 1/2
1 0 O 1/2 1 0 0 1/2
X+1/2, -y+1/2, z+1/2 ( 0 -1 0 1/2) n (1/2,0,1/2) x,1/4,z |x+1/2, y+1/2, -z+1/2 ( 0 1 0 1/2 ) n (1/2,1/2,0) x,y,1/4
0O 0 1 1/2 0 0 =1 1/2

default setting

Al l2/a setting



Bilbao Crystallographic Server

4 )

Problem: Coordinate transformations
Wyckoff positions WYCKPOS

\_ J

Wyckoff Positions
space group

_ Please, enter the sequential number of group as given in International Tables for
Crystallography, Vol. A or choose it:

The space groups are specified by their number as given in the

International Tables for Crystallography, Vol. A. You can give this
number, if you know it, or you can choose it from the table with :: Standard/Default Setting ::  Non Conventional Setting ;: ::ITA Settings ::
the space group numbers and symbols if you click on the link
choose it.

If you are using this program in the preparation of a paper, please cite it in the
following form:

Aroyo, et. al. Zeitschrift fuer Kristallographie (2006), 221, 1, 15-27.

ITA-Settings for the Space Group 68

>es must be read by columns. P is the transformation f I TA
(a, b, ¢)n = (a, b, c)s P Sett| ngs

Tra N SfO rmation ITAnumber Setting P p
Of the baSiS 68 C c c e [origin 1] a,b,c a,b,c

68 Ae aa(origin 1] c,a,b b,c,a
68 B b e b [origin 1] b,c,a ¢,a,b

68 C cceorigin 2] a,b,c a,b,c
68 Ae aaorigin 2] ¢c,a,b b,c,a
68 B be b[origin 2] b,c,a c,a,b




Bilbao Crystallographic Server

Problem: UNIT CELL CELLTRAN
TRANSFORMATION

lattice parameters

hexagonal cell o
Cell Parameters: 5.6748 5.6748 20.3784 90 90 120 Centering R +

Please, define the rotational part of the transformation matrix that relates the group and the subgroup bases

In abc form: Ex: ¢,a,b (read by columns)

Rotational part

G'=PTGP

or in matrix form:

V

lattice parameters

monoclinic cell (Pp) Transformation

matrix



METRIC TENSOR

BOND LENGTHS
BONDING ANGLES




3D-unit cell and lattice parameters

lattice basis:
{a, b, ¢}

unit cell:
the parallelepiped

defined by the
basis vectors

primitive P and

centred unit cells:
ABCFI R

number of
lattice points per
unit cell

lengths of the
unit translations:

a
b

C

angles between them:
«=,c)
B = (. d)
y=d.b6)



METRIC TENSOR (FUNDAMENTAL MATRIX)

Given a lattice with a basis: {ai, a2, a3}

Metric tensor G

'{a|’a2’ a3}= Gz | G2 | G23

Gi=(aj,ax)=aakcosq;

Metric tensor G is symmetric: Gi=Gy

Metric tensor G in terms of lattice parameters

N a’ abcosy accosp
'€ ) G=| abcosy b’ bc cos o
. €

accos B bccosa c?

G =

o~ TR
=~ -~ I -~
I~ -

- b
- b
- b

n T



EXERCISE (Problem 2.4.5)

Write down the metric tensors of the seven crystal systems in
parametric form using the general expressions for their lattice
parameters. For each of the cases, express the volume of the unit
cell as a function of the lattice parameters.

For example:
tetragonal crystal system: a=b, ¢, a=p=y=90

a2 0] 0
G= |0|a|0 v=?




no conditions TRICLINIC

{a,b.c, a, B, v) (ANORTHIC)
\C
A=Y= 00e' I
) MONOCLINIC a=f=1y=090° |
la, b, ¢. 90, B, 90} {a. b, ¢. 90. 90, 90) ORTHORHOMBIC )'Ll.- - b
a, !
a=b, <
a = 8 = 9(° a=b, :
y = 120° HEXAGONAL Q = B =y= 00)® TETRAGONAL |
{a.a, c, 90,90, 120) la, a, ¢, 90,90, 90) 2% |- =2
a,”
a
a=b=c, (/<
a=b=ec. a=f=1y=90° CUBIC M a
o = ﬁ - ,Y RHOMBOHEDRAL {a. a.d. 90. 90 90} i == -
{a.a.a, a. a, a) (TRIGONAL) d

Vi=det G=

= a’b* ¢? (1 — cos® a — cos? B — cos® v + 2 cos acos B cosy).

a* abcosy accosp

G = | abcosy b? bc cos o
accos B bccosa c?




Transformation properties of G under basis transformation

basis transformation:

a

G,={a’ B a’z, a,3}T. {a’ B a,Z, a,3}= PT{a| ’ aZ, a3}T- {a| ’ az; a3} P

G=PTGP
Example T
..  c— (.\ .' ¢ ’ P=1/2|1]-1]]
......... e D cl e -CP
o %o | e, 0 3 | -1 | -l
.~;.= Gi=a2| O | 0 Gp=2a%/4 | - 3 | -
| | 0 -1 | - 3




Examples

METRIC TENSORS

Lattice parameters

Metric tensor

Bravais Relations of the
lattice* |Conventional Primitive Conventional Primitive/transf.} components Projections
oP a,b,c o (31 g
833
P(C)
811 = 3(811 + g2)
oC Q) = az,c gn g 0 812 = a1 — &)
oS v, = 3= 90° 0 '
(05) i £33 g1 =2(g'|1+g:12)
82 = 2(311 - 312)
0 0
b, s
a‘ _c — o~ — Q) g2 0 P(I)| & = 3(—81 — 82 +g3)
a==~=090 / 1
a; = a, = as 833 ., g3 = 3(—8n + 82 —g1)
o, 3 v & & 8n gy = 3(g11 — g2 — g33)
i cos a + cos 3 —8 &n ool
o —p g — — (312"'313)
+cosy = —1 g : :
g = g'lo "'8;3 + g’,3 82 = —2(8’12 "'833)
- “ g3 = —2(g)3 + &
a,b,c P(F
(F) g = 5 &%
Cx, 3’7 - ) ] J 1
—a* + b+ g1 82 8}3 8'13=.13822
Cosax = T 82 8 8y = 4 811
oF 2 2 3 g3
a- +b° +c° . ' ’ ,
cos 3 = S g1 =885 g1 =4gn
o @+ b— 2 B =gl + g g2 = 38}3
— - ' ¢
Y 2ab g3 = g1 + & 5 512




Example

METRIC TENSORS

Lattice parameters Metric tensor
Bravais Relations of the
lattice* |Conventional Primitive Conventional Primitive/transf.  |components Projections
(,0’>>- —_—
\T/  §
ay = = gu 0 0 | |
cP | = dy = aj g1 0
=3 =~=99 | |
g /L ‘é
o '
o @6y
l
4 e e a) = a; = a; gn 0 0O byl | gl =2en A o ¢
cl l 2=a = 3 = = 109.5° g 0 §u 38 fg'n 1 ’ w 0 »
a=f=7v=90 cosa:-% g1 g =¥ | &1 = 3¥n 1
o 0y —@—03
X
P(F
o G—@—r
’ 1.7 1.7
a) =a; = as gu ¥’u 11 g1 =18 8 G
¥ 51 1 w by 0O
€ o — @63
-

* See footnote to Table 9.1.7.1. Symbols in parentheses are standard symbols, see Table 2.1.2.1.
t P(C) = 3(110/110/002),P(I) = 5 (111/111/111), P(F) = 5(011/101/110), P(R) = {(121/211/111).




Crystallographic calculations: Volume of the unit cell

The volume V' of the unit cell of a crystal structure, i.e. the body containing all
points with coordinates 0 < z1,x2,x3 < 1, can be calculated by the formula

det(G) = V~.
In the general case one obtains
Gi1 Giz2 Gis
V=] Ga1 G2 Goz |=
G31 Gaz2 Ga3

= a?b? c¢? (1 — cos® o — cos? B — cos® v + 2 cos a cos B cos ).



b =ib; + jby + kb;, =l V =a.(bxc)= b, b, b,

C = icm +jCy -+ kCz,

Az Gy A,
by b, b,
Cx Cy Cz

V2

ay by cy
a bz Cz

Ay Ay A

Cx Cy Cz

a-aa-ba-c
b-ab-bb-c| = det (G)

c-ac-bcec-c

a’ abcosvy accosf

ba cos y b2  becosa

cacos3 chcosa  c?

V = abc(l - cos” a — cos” B — cos? v + 2 cos a. cos 3 cos 7)1/2




Crystallographic calculations: Distances or Lengths

Y

{al’ a2, a3} r=XY=ria|tratrias, ric R

r=XY Y1 — Ty T U1
O r= Yo — Ty |, where x = To and y = Yo
X Yz — I3 I3 Ys

Iength r of r: r2=(r, r)=(ria,;+razxtrsas ria;+raz+rsas)

r:=(riai,riai)t (r2azraz)t (r;as,r:as)+2(razr:as) +2(r:aszria) +2(riai,r2az)

r2=r2a|2+ry2a2+r32a32+2rriazaszcosq+2r3rjazajcosQr+2rirajazcosas

orthonormal basis (aj=a=a3=|, a;= a,= a3=90):



Crystallographic calculations: Distances or Lengths

Y
Given a basis: F=XY

{a|, ay, a3}

X

length r of r: r2=(r.,r)

r2=r2a|2+r;2ar2+r32az2+2rriazazcosq+2rirjazajcosQr+2rirajacosas

, length of a vector:
Fundamental matrix

(metric tensor) r2=(r, r)=rTGr
G | Gz | Gis
G= | Gy | G| G :
orthonormal basis
G31 | G322 | G33

(a1=a2=a3=1, a;= a= a3=90): G=I

Gi=(ai,ax)=ajakcosq,;, r2=rTGr=rTr

Gik= Gki



t
Fig. 1.6.1 The bonding angle ® be-
o X tween the bond vectors
S - SX =rand SY = t.

(r,t) =|r||t| cos® = rt cos?,

r1t1 a% + 7o to a% + 73 t3 ag + (ro ts + r3ts) a2 az cos o+
RE (T3 t1 + 71 t3) a1 as cos o + (Tl to + 1o tl) a1 as COS 3.

rtcos® =rity + rots + r3ts,

ri1t1 + rote + r3t3
ri

cosd =




Crystallographic calculations: Bonding angle

Given a basis:

{al , A2, 33} Fig. 1.6.1 The bonding angle ® be-

tween the bon_d_yectors
SX =rand SY =+t.

bonding angle:

Fundamental matrix

(metric tensor) (r, t) = |r[[t| cos® = 7t cos P,

(r,t)=rTGt

G= | Gy | G | G

Gi=(a;,ax)=ajakcosq,,
Gik= Gki



