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MAXIMAL SUBGROUPS
OF

SPACE GROUPS




Subgroups: Some basic results (summary)

Subgroup H < G

|. H={e,h,h,....h} c G
2. H satisfies the group axioms of G

Proper subgroups H < G, and
trivial subgroup: {e}, G
Index of the subgroup H in G: [i]=|G]|/|H]|
(order of G)/(order of H)

Maximal subgroup H of G

NO subgroup Z exists such that:
H<Z<G



Coset decomposition G:H

Group-subgroup pair H < G

left coset G=H;Fg2H+...+%._1|1H, %;QH,
decomposition m=index of H in

right coset  G=H+Hg)+...+Hgp, gi¢H
decomposition m=index of H in %3

Normal

Hgi= gH, for all gi=1, ..., [i
subgroups &~ &irh, 1or all & [1]



Conjugate subgroups

Conjugate subgroups Let H|<G, H2<G
then, H| ~ Hy, if 3 geG: g''H ;g = H;
(i) Classes of conjugate subgroups: L(H)

(i) f Hi ~ Hy, then H| = H>
(iii) [L(H)| is a divisor of |G|/|H]

Normal subgroup

Ha G,if g'Hg = H, for vgeG



Example Subgroups of point groups

Molecule of pentacene {j( ;;,\\p

4
Subgroups of mm2 {1 22,mx,my}
U, 22 %{1, M}
Subgroup graph Index
2 {1, 2;} {1,mx} {1,my} 2

1 {1} 4



MAXIMAL SUBGROUPS
OF
SPACE GROUPS

. MAXIMAL
TRANSLATIONENGLEICHE
SUBGROUPS




Subgroups of Space groups

Coset decomposition G:Tg

(,0)  (Waw2) ... (Wmnwm) e (Wi,wi)
(Lt1))  (Wawatt)) ... (Wmwmttl) ... (Wiwitt))
(ltz)  (Wawatt) ... (WmwWntt2) ... (Wiwitty)

(|,tj) (Wz,W2+tj) (Wm,Wm+tj) (Wi,Wi+tj)

Factor group G/Tg

isomorphic to the point group Pg of G
Point group Pg = {I,W2,Ws3,...,Wi}



Example: P12/ml

Factor group G/Tc=Pc

=0

T
/'

/o : /o
[ : :

inversion centres (1,t):

Coset decomposition G:Tg

Pc ={1,2, 1, m}

T Tg?2 Tc1 Tem
(,0) (20) (1,00 (m0)
L) @u) (1L,t) (mt)
) (2t) (1,.t2) (mt)

ht)  @u (@1 (M)

_I Nj —_ n|/2

_I N» > n2/2

- I N3 n3/2




Tc1 Tem
(1,0) (m,0)
(1,t1) (m,t)
(1,t2) (m,t2)

Coset decomposition

G:Tg

t-subgroups:

(1t) (Mg

Hi=TguTg2 R
Pl2l H3=TcuTcm

PI=H=TcuTs1 Pm



Example: P12/ml Translationengleche
subgroups H<G:

/ 0
C ° . .
Pl=TcuTcl

v
Pl2] =TguTg2
0/0 — 0, . a
/ | / /
. . . O O O




Example: P12/ml Translationengleche
subgroups H<G:

2/m index
[1]
P2/
| » Y A
) m [2] 1 P2 Pm
4 Y »
1
| [4]
Subgroup diagram of point Translationengleiche subgroups of

group 2/m space group P2/m



[ DATA ITA|: Maximal Subgroupsj

~group G {e 2,85 - g8l &}

N

{ subgroup H<G {e, ..... €3 5eeey Sigeveeeen : gn}

Subgroup HEG! (o ha hi, .o}




MAXIMAL SUBGROUPS
OF
SPACE GROUPS

Il. MAXIMAL
KLASSENGLEICHE
SUBGROUPS




Subgroups of space groups

Klassengleiche subgroups H<G:

Th<Tg
Example: P1 PH=Pa
t=uatvb+wc
Te Te ta
Coset decomposition (1,0) | (l,ta)
Te={t(u=2n,v,w)} (btr) | (Ltit+t)
t.(a,0,0) (bty) | (Ltatty)

(o) | (Le+e)

isomorphic k-subgroups:
Pl(2a,b,c)

H=Te



Subgroups of space groups

Klassengleiche subgroups H<G:

Th<Tc
Ph=Pa
Example: P t=uatvb+wc
H=Te ta( I ’O’O)
Coset decomposition
PI=T. + Tt Te | et
Te={t(u=2n,v,w)} (1,0) | (I,ta)

(Lt)) | (Lti+ta)

Isomorphic k-subgroup:

Pl (za,b,(}) (I’tz) (| ,t2+ta)

Series of isomorphic k-subgroups: (he) | (Lttes)
Pl(pa,b,c): p>1,prime

Pl(a,qb,c): gq>1,prime INFINITE number of maximal
... etc. isomorphic subgroups



International Tables for Crystallography, Vol. Al

eds. H.Wondratschek, U. Mueller
Example: P-|

Series of maximal isomorphic
subgroups

P1 No. 2 P1

® Series of maximal isomorphic subgroups
[pla’=pa, b’ '=ga+b,c=ra+c
P1 (2 (2+ (2u,0,0)) pa,ga+b,ra+c u,0,0
p>2,0<qg<p;0<r<p;0<u<p
p conjugate subgroups for each triplet of g, r, and
prime p
[p] b= pb, ¢/ =gb+c
P1 (2) (24 (0,2u,0)) a,pb,gb+c 0,u,0
p>2;0<g<p;0<u<p
p conjugate subgroups for each pair of g and prime p
[p] ¢ = pc
P1 (2 (24 (0,0,2u)) a,b, pc 0,0,u
p>2,0<u<p
p conjugate subgroups for the prime p



Subgroups of space groups
Klassengleiche subgroups H<G: Tu<To
k-subgroups Pu=Pc

Example: P12/ml Coset decomposition G:Tg
Te Tc2 Tec]l Tcm

KIassserLiniche (,O)) (2,0) | 1,0 (m,0)
ubgroup —

P.2/m>P2/m(2.b) / (Ltl) (m,t|
isomorphic !(2’ tz) (m,tz)

P2/m(2b)=TasPs <
25 (1t (m,t)

non-isomorphic P2/m>P2:/m(2b) _
k-subgroups: P2)/m(2b)=T2bUT2bts2 UT2bl UT2btem
1=(0,1,0)



Subgroups of space groups

Klassengleiche subgroups H<G: Th<Tc
non-isomorphic Pu=Pc

Example: C2
T; Tite T,2 Titc 2

Coset decomposition | (1,0) | (I,t) (2,0) | (2,t)

C2=Tc +Tc2 (I’t|) (I,t|+tc) (2’t|) (2,t|+tc)
/\ (&) | (ate) | 20) @ )
(Ti+Tit)
ti=integer |, t; |,t:+t. 2,t) | (2, tit+tc
t=integer (6) |_(e+e) | 25)] ]I )
— eoeo \... coe
non-isomorphic H=TuT2 H=TiuTitc 2

k-subgroups: P? P2,



International Tables for Crystallography, Vol. Al

eds. H.Wondratschek, U. Mueller

Example: P4Amm

1
C4v

--.b»
--.b»

Maximal subgroups of space groups

Pdmm

I Maximal translationengleiche subgroups

[2] P411 (75, P4) 1; 2:3; 4
[2] P21m (35,Cmm?2) 1:2;: 7. 8
[2] P2Zm]1 (25, Pmm?2) 1; 2: 5: 6

II Maximal klassengleiche subgroups

e Enlarged unit cell

[2] ¢/’ =2¢
P4,mc (105) (2; 5; 34(0,0,1))
P4cc (103) (2; 3; 5+ (0,0,1))
P4,cm (101) (2; (3; 5)+(0,0,1)}
P4dmm (99) (2; 3; 5}

® Series of maximal isomorphic subgroups

[p] ¢’ = pe
Pdmm (99) (2; 3; 5)

p>1

no conjugate subgroups
[p*]a’ = pa, b’ = pb
Pdmm (99) (24 (21,2v,0); 34+ (e +v,~u+v,0); 5
p>2,0fu<p;0<v<p
p* conjugate subgroups for the prime p

No. 99

a—-ba+b.c

a.b,2c¢
a.b.2c
a.b,2¢
a,b,2¢

a,b,pc

+(0,2v,0)}

pa,pb,c

Pdmm

u,v.0



GENERAL SUBGROUPS
OF

SPACE GROUPS




Group-subgroup pair

G>H : 6, H, ’L], (Pvp)

Pairs: group - maximal subgroup

Zk: > Zk:—l—l) (Pap)k

(Pa p) — HZ:1(P7 p)k




Subgroups of space groups

Th<Tg
Pn<Pc

General subgroups H<G:

Theorem Hermann, |929:

For each pair G>H, there exists a

uniquely defined intermediate subgroup
M, G =z M =z H, such that:

Mis a of G
His a of M

A maximal subgroup
Corollary is either a t- or k-subgroup




Subgroups of Space groups

Coset decomposition G:Tg

G>H (,0)  (Waw2) ... (
G (Ltr)  (Wawatt)) ... ( +t)
l . (tz)  (Wawattd) .. (Winymtt) ..
|P —_—
M (I,t]) M ( my¥Wm j)
|:| Factor group G/Tg

isomorphic to the point group Pc of G
Point group P = {I,W2,Ws3,...,Wi}



Example: P4mm (a,b,c) > Pmm2 (2a,b,c)

i N

G P4mm (a,b,c) P4mm (a,b,c)

|

M Pmm2 (a,b,c) P4mm (2a,by
H Pmm2 (2a,b,c) Pmm242a,b,c) H



DOMAIN-STRUCTURE

ANALYSIS
(INITIAL STEPS)




PROBLEM:

Domain-structure analysis

G - H

number of domain states
twins and antiphase domains
twinning operation

symmetry groups of the domain
states; multiplicity and degeneracy



Phase transitions domain structures

symmetry Deformed
reduction

Homogeneous > (daughter) phase
(parent) phase G H Domain structure

When a crystal homogeneous in the parent (prototypic, high-
symmetry) phase undergoes a phase transition into a low- symmetry
phase (ferroic, if the point-group symmetry, is lowered) then this
daughter phase is almost always formed as a non-
homogeneous structure consisting of homogeneous regions
called domains

Domain A connected homogeneous part of a domain structure or of a
twinned crystal is called a domain. Each domain is a single
crystal.

Different domains can exhibit different tensor ﬁroperties,
different diffraction patterns and can differ in other physical
properties.



optical observation of
domain structure

Fig. 3.4.1.1. Domain structure of tetragonal barium titanate (BaTiO3). A thin
section of barium titanate ceramic observed at room temperature in a
polarized-light microscope (transmitted light, crossed polarizers). Courtesy
of U. Taffner, Max-Planck-Institut fiir Metallforschung, Stuttgart. Different
colours correspond to different ferroelastic domain states, connected areas of
the same colour are ferroelastic domains and sharp boundaries between
these areas are domain walls. Areas of continuously changing colour
correspond to gradually changing thickness of wedge-shaped domains. An
average distance between parallel ferroelastic domain walls is of the order of
1-10 pm.



Powerful high-
resolution electron
microscopy (HREM)

Fig. 3.4.1.2. Domain structure of a BaGa,0, crystal seen by high-resolution
transmission electron microscopy. Parallel rows are atomic layers. Different
directions correspond to different ferroelastic domain states of domains,
connected areas with parallel layers are different ferroelastic domains and
boundaries between these areas are ferroelastic domain walls. Courtesy of H.
Lemmens, EMAT, University of Antwerp.



Phase transitions domain structures

symmetry Deformed
reduction

Homogeneous > (daughter) phase
(parent) phase G H Domain structure

Domains The humber of such crystals is not limited; they differ in
their locations in space, in their orientations, in their shapes and
in their space groups but all belong to the same space-
group type of H.

: The domains belong to a finite (small) number of domain
Domain  5¢5¢es

HLELES Two domains belong to the same domain state if their crystal

patterns are identical, i.e. if they occupy different regions of space
that are part of the same crystal pattern.

The number of domain states which are observed after a phase
transition is limited and determined by the group-subgroup
relations of the space groups G and H.



Symmetry Reduction

daughter phase

initial phase
symmetry of symmetry of
a square a rectangle

two possible
orientations



Domain-structure analysis

SUBGROUPS CALCULATIONS: HERMANN

Hermann, 1929: G
For each pair G>#; index [i], there Ip
exists a uniquely defined intermediate M
subgroup M, GzM z H, such that: i

L
Mis a of G }
His a of M a
with [i]=[ir].[iL] ipP=Pc/PH twins

iL=ZH,p/Lcp=VH,p/ VG, antiphase



EXAMPLE

Lead vanadate Pb3(VOs4),

R-3m

iP=Pc/PH [ir]=3

C2/m

iL=ZH,p/ZG,p [iL]=2

(PZ]/C

Index [i] for a group-subgroup pair G>H

INDEX: [i]=[ie].[iL]

High-symmetry phase R-3m
5.6748 5,6748 20,3754 90 90 120 y £e p—1 IPGI=1 2

5

Pb 1 3a 0.000000 0.000000 0.000000
Pb 2 6c 0.000000 0.000000 0.207100
PV 3 6c 0.000000 0.000000 0.388400
0 4 6c 0.000000 0.000000 0.324000
0 5 181 0.842400 0.157600 0.430100
Low-symmetry phase P2,/c

14

7.5075 6.0493 9.4814 90. 115.162 90. IPHI=9

7

Pb 122000

Pb 2 4e 0.3835 0.5815 0.2879 y 4 -

PV 1 4e 0.2071 0.0143 0.3999 H,p— =

0 1 4e 0.2872 0.2559 0.0159

0 2 4e 0.2598 0.7979 0.0216

0 3 4e 0.3194 0.9784 0.2823

0 4 4e 0.0335 0.5431 0.2091



Pb3(VOa)2: Ferroelastic Domains in P21/c phase

Group-Subgroup Lattice

Maximal- SUBGROUPGRAPH
subgroup graph <

oy gy -
(Py/e(1) ) P e(l) ) P2 e(1)
number of domain states= index [i] = [ip].[iL]=6
number of ferroelastic domain states:ip = |12:4=3

number of different subgroups P2,/c: 3



 CLASSIFICATION
Problem: - St Somains HERMANN

Quartz CusAu Gd2(MoOy)3

G | P65,22 G = G |P42im
1y — 2
t-subgroup k-subgroup
Cmm?2
H =M =2
‘P3221\ ‘PmSm\ ‘PmSm\ ‘PmBm\ ‘PmSm\ 1 ‘ Pba? \
=i =4
1 =1 =2 = —
, , antiphase twin and
twin domains . :
domains antiphase

domains



EXERCISES (Problem 2.6.3)

(A) High symmetry phase: P2/m
Low symmetry phase: Pl, small unit-cell deformation
How many and what kind of domain states?

Hint: Determine the index [i]=[ip].[iL]

(B) High symmetry phase: P2/m
Low symmetry phase: Pl, duplication of the unit cell

How many and what kind of domain states!?

(C) High symmetry phase: P4Amm
_ow symmetry phase: P2, index 8

-How many and what kind of domain states!

(D) High symmetry phase: P4;bc
Low symmetry phase: P2}, index 8

How many and what kind of domain states!?



EXERCISES (Problem 2.6.4)

At high temperatures, BiTiO3 has the cubic perovskite
structure, space group Pm-3m (No. 221). Upon cooling, it
distorts to three slightly deformed structures, all three
being ferroelectric, with space groups P4mm (No.99),
Amm2 (No.38) and R3m (No.|60). Can we expect
twinned crystals of the low symmetry forms!? If so, how
many and what kind of domain states could occur?

Hint: The program INDEX could be useful



Problem 2.6.4 SOLUTION

C

et ==t
- o ,/’/ '
(a) cubic /,t 4"“*7 |
(T > 120 C) : :
P, ! E

I
(b) tetragonal & A ML y/'

(120C >T>5C) o<

(c) orthorhombic
(5C >T> -90C)

(d) rhombohedral L/

(T< -90C)

Unit cells of the four phases of BaTiO3



BaTiO;: Ferroelectric Domains in PAmm phase

A—e—HA

Maximal- N
SUbgroup graph el -

. Pm3m

P4/mmm P4/mmm P4 /mmm

l e il "W

P4mm(1) ' P4mm(1) P4mm(1) SN 5 &

index [i] = ip= 48 :8=6 ¥l 7
number of ferroelectric domain states: 6
number of different subgroups P4mm: 3



Domain-structure analysis: Twinning
operation

Coset decomposition of G:H
left:  G>H, G=H+(V,v2)H + ..+ (Vh,vn)H
right: G>H, G=H+H(W2,w?) + ...+ H(Wh,wh)

Please, enter the sequential numbers of group and subgroup as given in International Tables for
Crystallography, Vol. A:

Enter supergroup number (G) or choose it: 221
Enter subgroup number (H) or choose it: V 99 )

Please, define the transformation that relates the group and the subgroup bases.

Rotational part Origin Shift
1 0 0 0
Enter transformation matrix : 5 1 5 5
0 0 1 0

Decomposition: left @ right O



BaTiO;: Ferroelectric Domains in PAmm phase
Twinning operations

Coset decomposition: Pm3m : P4,mm, index 6

Coset 1: Coset 2: Coset 3: Coset 4: Coset 5: Coset 6:
(—X,y,—Z) (—ZI—XIY) (YI—ZI-X)
-Rr=Y (X,-yY,-2) r =AY (-2,X,-Y) =Yr4é,=3 (-Y,-2,X)
(=Y, X,2 (Y,X,-2) (2,-yY,X) (-2,¥,X) (xX,2,-Y) (X,-2,Y)
(Y,-X,2) et (z,¥,-X) - (-X,2,Y)

(/7.7 (2%, -9 y,20
(-X,¥,2) 0 (z,-X,Y) réy (Y,2,-X) Yr— %y
(-Yy,-X,2) (Y,-X,-2) (z,-y,-X) (-2,y¥,-X) (-xX,2,-Y) (-X,-2,Y)
(Y/X,2) (-y,X,-2) (z,Y,X) (-2,-Y,X) (xX,2,Y) (xX,-2,-y)

coset representatives: q;

(,0) (1,00 @30 (G0 (3,0 (30

polarization: Pi= qiP

0 \' -V 0 0
0 0 0




RELATIONS

BETVVEEN
WY CKOFF POSITIONS




G =Pmm2>H=Pm, [i|]=2

O
o o © °
\
50, G = Pmm2 51, L =Pm
2h m.. (0y.2) - 201 ()

| 0,
2f .m. (x,0z) ~__ | Z 2 E:((Z 0 22;

" ’ ‘




EXAMPLE

group P4mm

Generators selected (1); #(1,0,0); #(0,1,0); £(0,0,1); (2); (3); (5)

Positions

Multiplicity, Coordinates

Wyckoff letter,

Site symmetry

8§ g 1 (1) x,y,2 (2) x,5,2 (3) y,x,2 (4) y, %,z
(5) x,y,2 (6) X,y,z (7) y, %,z (8) y,x,2

4 f m X252 x—a%az l,x’z %:jaz

4 e .m. x,0,z x,0,z 0,x,z 0,x,z

4 d m X, X,z X,X,2 X,X,Z X,X,Z

2 ¢ 2mm. 5,0,z 0,3,z

1 b 4mm 53342

1l a 4mm 0,0,z

Consider the group

-subgroup pair P4Amm>Pmm2
[i]=2, a’=a, b’=b, c’=c

Determine the splitting schemes for WPs |a, b, 2¢, 4d, 4e

Generators selected

subgroup Pmm2

Positions

Multiplicity,
Wyckoff letter,
Site symmetry

4 i
2 h
2

2 f
2 e
1 d
1 ¢
1 b
1 a

l

(1) x,y,z

Coordinates
(2) x,y,z (3) x,¥,z
3+ ¥, 2
0,y,z
X,3,2
x,0.z

(1); £(1,0,0); £(0,1,0); £(0,0,1); (2); (3)

(4) X,y,z



Group-subgroup pair
EXAMPLE PAmm>Pmm2, [i]=2

a’=a, b’=b, c’=c

P4mm Pmm?2
o\ik /0 ' A7
P AN § > —

%

N\ 7/
N\ 7
\ /
N\ /
\ /
N\ 7
I '

ple 2mm.|/202ﬁ<ﬁrll202 lc mm?2
0172 z w0 1/2Z |Ibmm?2



Ca

Axes

Coordinates

I Maximal franslationengleiche subgroups

[2] P4 (75)

[2] Pmm2 (25)

la

la

[2] Cmm2 (35) a-—b,

a-+b, ¢

II Maximal klassengleiche subgroups
Enlarged unit cell, non-isomorphic

[2] I4cm (108)
[2] T4cm (108)
[2] T4mm (107)
[2] I4mm (107)

[2] P4,mc (105)
[2] Pdcc (103)

a—b,
a+b, 2¢

a—b,
a+b, 2¢

a—b,
a+b, 2¢

a—b,
a+b, 2¢

a,b,2c
a,b,2c

[2] P4,cm(101) a,b, 2c
(2] P4bm (100) a—b, % x—y)’ %(x'*'y)’Z;
. m 721 1 AN

5 (x-y), 5 (x+y), 52
+(0,0,3)

1(-y)+3, 3 (x4y), 33
+(0,0,1)

1 (x-y), 3 (x+y), 32
+(0,0,3)

s (=) +3, 5 (x+y), 52
+(0,0,3)

XY %Z; +(0’03 %)
x,y,32 +(0,0,3)
x,y, 52 +(0,0, 3)

4b

2x2a

¥ F PP

No. 99
Wyckoff positions
1b 2c 4d
1b 2c 4d
2b 4c 4d;4e
4b 8¢ 16d
4a 8¢ 16d
4b 8¢ 2x8d
2Xx2a 8¢ 2x8d
2b 2x2c 8f
2b 4c 8d
2b 4c 2x4d
2b 4c 8d

16d

2x8¢

2x8¢

16e

2x4d

8e

2x 8¢

16d

16¢

2x 8¢

2x4e

8e

2x4c

2x8f
2x8d
2x8e
2x8d




Wyckoff Positions Splitting

Conventional Settings { Non conventional Settings )

|Please, enter the sequential numbers of group and subgroup as given in International Tables for Crystallography, Vol. A:

[Enter supergroup or | << g OoOu P
[Enter subgroup or SUu bg Frou P 65 |

Please, define the transformation relating the group and the subgroup baées.
(NOTE: If you don't know the transformation click here for possible workarounds)

[rotational matrix: Tra' n Sf(? rm a i O n : i :
matrix (Bp) = ; 1
|on'gin shift: | 0 0 0

( Show group-subgroup data. )

Wyckoff Positions Splitting

136 (P42/mnm) > 65 (Cmmm)
Group Data Subgroup Data
. 16r(x, vy, z)
() 8q (x,v,1/2)
Two-=-level input: 5 (s I

_! All positions 8o (x, 0,2z)

° 16k (x, y, Z) 8n (0, v, 2)
Ch0|ce Of the 08 (xx2z)  8m(1/4,1/4,2)
* 4 28 (x,y.0) 41 (0,1/2,2)
Wyckoff positions | caoizs «eos
_4g (x,-x,0) 4j (0,y,1/2)
L 4f (x,x,0) 4i (0,vy,0)

T AAd (D 119 1A Aa (v DNY



Wyckoff Positions Splitting Bilbao Crystallographic Server
99 (P4mm) > 8 (Cm) [unique axis b]

Result from splitting

No Wyckoff position(s)
Group Subgroup More...
1 8¢ 4b 4b 4b 4b ( Relations )
2 4f 4b 4b ( Relations )
3 4e 4b 4b ( Relations )
4 4d 4b 2a 2a ( Relations )
5 2c 4b (Relations )
6 1b 2a ( Relations )
7 1a 2a ( Relations )

Splitting of Wyckoff position 4d

Representative Subgroup Wyckoff position
group basis [subgroup basis [name[n]| representative
(x,x,z) (0,x2z) (x1,¥1,21)
(0,-x,2) (x1,-y1,21)

Two-=-level output:

4
o

-X, X, Z
( ) 4b1

Relations between
coordinate triplets

(x+1,x,2)

(172, x+1/2,z)

(-x+1, -x,2)

(172, -x+1/2,2 )

(x1+1/2, y1+1/2, 21 )
(x1+1/2, -y1+1/2, 21 )

(-x,x,2)

(-x,0,2)

(-x+1,x,2)

(-x+1/2,1/2,2)

(x2,0,22)
(x2+1/2,1/2, z2)

(x, -x, z2)

(x,0,2)

| N[O B[ W] N =

(x+1,-x,2)

(x+1/2,1/2,2)

(x3,0,23)
(x3+1/2, 1/2, z3)




NORMALIZERS
OF

SPACE GROUPS




Normalizers of space groups

Normalizers N(G) :

Example: Pmmn

the symmetry of
symmetry

- {Glg = {G) {Euclidean

Affine

N
—— ’
o~ s ‘ * ’ |
T
I B B
——¢ ’



Normalizers of space groups

Normalizers N(G) : g'{G}g = {G} {Euclidean

the symmetry
of symmetry

B b b b |
Tt
e l |
) o |-
sl | |
———

ﬁ

v '
| o | o |

§
!

Affine

Space group: Pmmn (a,b,c)

Euclidean normalizer:
Pmmm (1/2a,1/2b,1/2c)



Normalizers for specialized metrics ~ Normalizers

RNVARNAL

‘7? ' ? ' Space group:
X —
._/. ®—) o l_ Pmmn (a,b,c), a=b
| | I
i il . .
e Euclidean normalizer for
“ I | l* specialized metrics:
. ' . P4/mmm (1/2a,1/2b,1/2c)

Applications:  Equivalent point configurations
Wyckoff sets

Equivalent structure descriptions



International Tables for Crystallography,Vol. A, Chapter 15

Normalizers of space groups

E. Koch and WV. Fischer

Space group G

Euclidean normalizer N; (G)

Example: Pmmn

Hermann—
Mauguin
No. symbol Cell metric Symbol Basis vectors
55 Pbam a+#b Pmmm sa,3b, 3¢
a=>b P4 /mmm za,5b.1c
56 Pcen a+#b Pmmm sa,3b, 3¢
a=>b P4 /mmm za,5b. ¢
57 Pbcm Pmmm 1a,ib.1c
58 Pnnm a#b Pmmm za,5b.1c
a=>h P4/mmm la.lp.le
Pmmn (both Pmmm sa,3b, 3¢
origins) a=>h P4/mmm 1a,1b.1c




-

Problem:

\_

.
Normalizers

of space groups NORMALIZER

J

Please, enter the sequential number of group as given in the / \

The space groups are specified by their

number as given in the International Tables
for Crystallography, Vol. A. You can give this
number, if you know it, or you can choose it
from the table with the space group numbers Choose:

and symbols if you click on the link
[choose it].

Normalizers of Space Groups

International Tables for Crystallography, Vol. A

Enhanced Euclidean normalizer (specialized metrics)

Space group: 59

Lattice 7" "c 750 90 90

parameters:



~ Example NORMALIZER: Space group Pnnm (59) |

Euclidean normalizer (general metric) of Pmmn (No. 59)

|(l,'; T(l.‘l f”.': T“.'t r
~——r— b
g I |
e . . R
el I |
e s e §
_‘ : | :
# ' 9

|

|

Space group

Lattice type:

Cell parameters
Angular tolerance

Euclidean normalizer of Pmmn (a,b,c): Pmmm (1/2a,1/2b,1/2c).

Index of Pmmn in Pmmm (1/2a,1/2b,1/2c): 8 with iL=8 and ip=1.

Additional generators of Pmmm (1/2a,1/2b,1/2c) with respect to Pmmn.

1 0 0 1/2

x+1/2,y,z 0 1 0 0 t(1/2,0,0)
0 0 1 0
1 0 0 0

X,y+1/2,z o 1 o0 1/2 t (0,1/2,0)
0 0 1 0
1 0 0 0

X,y,z+1/2 0 1 0 0 t (0,0,1/2)
0 0 1 1/2

: Pmmn (59)
oP

: 445909090
: 0.15 degrees

Cosets representatives

X,¥Y,2
x+1/2,vy,2
x,y+1/2,z

x+1/2,y+1/2,z2
X,y,2+1/2
x+1/2,y,2+1/2
X,y+1/2,2+1/2
x+1/2,y+1/2,2+1/2

The cosets representatives of the Euclidean normalizer Pmmm (1/2a,1/2b,1/2c) with respect to Pmmn



SUPERGROUPS
OF

SPACE GROUPS




Supergroups of space groups

Definition: The group G is a supergroup of H if
H is a subgroup of G, G=H

If H is a proper subgroup of G, H<G, then
G is a proper supergroup of H, G>H

If H is a maximal subgroup of G, H<G,
then G is a minimal supergroup of H, G>H

Types of minimal  translationengleiche (t-type)
supergroups: klassengleiche (k-type)

/\

non-isomorphic isomorphic

ITAl data:  minimal non-isomorphic k- and t-
supergroups types



The Supergroup Problem

Given a group-subgroup Determine: all G.>H
pair G>H of index [i] of index [i], Gi=G

G G Gy Gz .. Gn
] [il\\ //

v

H H

all Gx>H contain H as subgroup

G|(=H+Hg2+...+Hgik



Example: Supergroup problem

Group-subgroup pair Supergroups 422 of
422>222 the group 222
422 N

I—o—
\‘<.|.>’/

[2]

-

222 \\\ P 222

How many are How many are

the subgroups the supergroups
222 of 422! 422 of 222!




Example: Supergroup problem

Group-subgroup pair
422>222

422 (N
\\{ >,/
[2] -

i >
222x2y 2,242 0/ ' \0

NG

4,22= 2,22, +4,(2,2,2,)
4,22= 2,2:2. +4,(2,2:2)

Supergroups 422 of
the group 222

4,22 422 4,22
[2]

222

4,22=222+4,222
4,22=222+4,222
4,22=222+4,222



Example: Supergroup problem

Group-subgroup pair Supergroups P422 of
P422>P222 the group P222
! ! !
R e P4,22 P422 P4,22
2.
[2]
{_:l\ /i\ /Té
[2]
Ao P222
4. L P4,22= 222 +(222)(4.,0)
V P4,22= 222 +(222)(4,0)
P222 VY T P4,22= 222 +(222)(4,,0)

Are there more
P422= 222 +(222)(4,0) supergroups P422 of P222?



Example: Supergroups P422 of P222

= P222

H
Y

P422

P422 = P222 + (4|w)P222

Sl S-idi—a o
S’ p—

p—

Tl S -id—a o
S’ N
PN AR

¢ - ¢ —




eds. H.Wondratschek, U. Mueller

P222 No. 16 P222

I Minimal franslationengleiche supergroups

[2] Pmmm (47); [2] Pnnn (48); [2] Pccm (49); [2] Pban (50){f2] P422 (89)) [2] P4,22 (93); [2] P32¢ (112); [2] P42m (111);
[3] P23 (195)

II Minimal non-isomorphic klassengleiche supergroups
e Additional centring translations
[2] A222 (21, C222); [2] B222 (21, C222); [2] C222 (21); [2] 1222 (23)
® Decreased unit cell none

Incomplete data
Space-group type only

No transformation
matrix




Bilbao Crystallographic Server

-

Problem: SUPERGROUPS OF SPACE SUPERGROUPS\
GROUPS MINSUP

SUPErgroup

Click here to see the list with all minimal supergroups of a given space group(MINSUP)

Please, enter the sequential numbers of group and supergroup as given in the International Tables for Crystallography, Vol. A:
Enter supergroup number (G) or choose it: | 0
Enter group number (H) or choose it: S Dace gI‘O U D| o
Enter the index [G:H] ' ' | 2
By default the Euclidean normalizers are used. If you want to use other normalizer, please check it from the list below: | n d eX
Group normalizer Subgroup normalizer
* Euclidean normalizer 3 ) Euclidean normalizer & )

Find the Supergroups Subgroup normalizer

| Euclidean normalizer »:)
S u p e rg ro u p s user defined normalizer
Supergroups (of index 2) isomorphic to the group 89 (P422)

of the group 16 (P222) '®) Ptl on
Transformation matrix |Coset representatives Wyckoff Splitting| More... n O r m aI ize rs

1 0 0
0 1 0 (x.¥.2)
0

WP splittin " Full cosets )
0 1 (-y,x,2) | P g] |\ Fu .

A (x.y.2)
0 0 1 (-y-1/2, x+112, 2)

[ WP splitting ] " Full cosets |




ADDITIONAL



ADDITIONAL



GENERATION
OF

SPACE GROUPS




Generation of space groups

Crystallographic groups are solvable groups

Composition series:P|<]Z,<] Z3<] ..<| G
index 2 or 3

Set of generators of a group is a set of group
elements such that each element of the group can be
obtained as an ordered product of the generators

ki

W=(gn)" = (gnr) .o+ (@2) g

g| - identity
g7, £3, 84 - primitive translations
gs, g¢ - centring translations
g7, gs,..., - generate the rest of elements



432 (43m)

| 2 110

23
4/mmm —=------- 427 (4 mm
3111
2110

222 (mm?2) dm <------ 4 (4)

k /

2/m =<------- p) (m)
22
1= 1

42m)



Generation of orthorhombic and
tetragonal groups

Hermann—-Mauguin symbol of
crystal class

Generators G; (sequence left to
right)

1
1

1

[—

2 2
m
2/m 2,1
222 2:,2,y
mm2 2;,my
mmm 22,1
4 2.,4
4 2.,4
4/m 2.,4,1
422 2,,4,2,
4mm 2.,4,m,
42m 2,,4,2,
4m?2 2.,4,m,
2;

4 [mmm

4,2, 1




6/mmm =------- 622 (6mm ,62m)

|2110

3m <o 32 (3m) 6/m < 6 (6)
X /
3 = 3
3




Generation of trigonal and hexagonal

groups
3 3
3 3,1
321 3,210
(rhombohedral coordinates 3111, 2491)
312 3,210
3ml 3,myg
(rthombohedral coordinates 3111, My01)
31m 3,mp
3ml 3,2110, 1
(rhombohedral coordinates 3111521015 1)
31m 3,210, 1
6 3,2,
6 3,m,
6/m 3,2,,1
622 3,2:,2110
6mm 3,2,,my
6m2 3,m.,myg
62m 3,m;, 210
6/mmm 3,2.,2110, 1

— W o— —

32

622



EXERCISES

Problem 2.30 (A)

Generate the space group C2mm using the
selected generators

Compare the results of your calculation with the
coordinate triplets listed under General position

of the ITA data of C2mm



(1) CONTINUED

(2) Generators selected (1); £(1,0.0); £(0,1,0): #(0.0,1): £(+.%,0); (2); (3)

@ Positions
Multiplicity,
Wyckoff letter,
Site symmetry

8 f 1

b mm?2

S S
"
(%]

a mm?2

(1) x,yz

0.y.z
x,0.z
TF
0,7.2

0.0.z

Coordinates
(0,0.0)+ (=.=0)+

(2) x5,z (3) x.¥.z

Lo
o e
M I8

)
-
“l
-
&

(4) X.yz

No. 35

Cmm?2

Reflection conditions

General:

hikl : h+k=2n
Okl : k=2n
Wil : h=2n
WO : h+k=2n
00 : h=2n
0kD: k=2n

Special: as above, plus

no extra conditions
no extra conditions
hkl © h=2n

no extra conditions

no extra conditions



EXERCISES

Problem 2.30 (B)

Generate the space group P4mm using the
selected generators.

Compare the results of your calculation with the
coordinate triplets listed under General position

of the ITA data of P4mm

Hint: Construct the composition series for the space group
P4mm in analogy with the composition series of 4mm

2, 4, Mx
1<l 2<] 4 <] 4mm
[2] [2] [2]



CONTINUED Space group P4mm No. 99

Generators selected (1); #(1,0,0); #(0,1,0); #(0,0,1); (2); (3); (5)

Positions
Multiplicity, Coordinates
Wyckoff letter,
Site symmetry
(3) x,5,z (6) X,y,z (7) y,%,2 (8) y,x,2
4 f .m Xy 3,2 X,3,2 33%2 39 % 2
4 e m x,0,z x,0,z 0,x,z 0,%,z
4 d m X,X,Z X, X,z X,X,2 xX,X,2
2 ¢ 2mm. .0,z 0,:,z

1 b 4mm 353542



EXERCISES

Problem 2.31 (additional)

Generate the space group P4,/mbc using the
selected generators.

Compare the results of your calculation with the
coordinate triplets listed under General position

of the ITA data of P4,/mbc

Hint: Construct the composition series for the space
group P42/mbc in analogy with the composition
series of 4/mmm

4,

2, 2, |
1<l 2<] 4<] 422 <] 4/mmm
[2] [2] [2] [2]



International Tables for Crystallography (2006). Vol. A, Space group 135, pp. 466-467.

P4,/mbc D

No. 135

Orrigin at centre (2/m) at4,/m1n

Asymmetricunit 0<x<; 0<y<i; 0<z<;

Symmetry operations

(1) 1 (2) 2 0,0,z
(5) 2(0,:,0) i,»0 (6) 2(:,0,0) x,:,0
©9) 1 0,0,0 (10) m x,y,0
(13) a x,:.z (14) b i,yz

P4,/m2/b2/c

(3) 4'(0,0,5) 0,0,z
(7 2(5,:,0) x,x,;
(11) 4° 0,0,z; 0,0,
(15) ¢ x+1,%z

4/mmm Tetragonal
Patterson symmetry P4/mmm
%# 50
: :
@ ®-
| -D- | 1_‘. -D-
L :
voo9  f
3 S
*D- |,
e 5
@ ¥ R
-®- [ L ®- Js_
" -D+ ) -+
S S
%. é‘

(4) 4 (0,0,%) 0,0,z
(8) 2 xi+ !

(12) & 0,0,z 0,0,
(16) n(t,1,1) x%,2



CONTINUED

Generators selected

Positions
Multiplicity,
Wyckoff letter,
Site symmetry
16 ¢ 1 (1) x,y,
(5) x+
9) %73,
(13) x+
8 h m
8 g 2
8 f 2
8 e 2
4 d 2.22
4 ¢ 2/m
4 b 4..
4 a 2/m

No. 135

(1); £(1,0,0); #(0,1,0); #(0,0,1); (2); (3); (5); (9)

Coordinates
z (2) x,5.2 (3) ¥, x,2+; 4) y,%,z+ !
Ly+i5,Z2 @) x+5,5+35,2 (Dy+ix+5,z2+: B)F+i1,x+:5.72+3
z (10) x,y,2 (11) y, %,z +3 (12) y,x,z+ 1

Ly¥+inz (4)x+35,y+3z (A5 y+i3,x+5z+: (16)y+i3,x+3,2+3
x,y,O j,)-'ao . Y. X3 }'ajé
X+3,y+3,0 x+:,¥+1,0 Y+ 3, x+ 13,3 J+ 3,5+ 3,3
x,x—+—-,§ faf+éa-lz i+£:x 4 x+§,i,§

X,X+3,3 X, X+ 3,3 X+ 5,%,3 X+3,%4

Osész %,O,Z-f-l ',OZ- 0 :sz+'

Oséaz %aoaz 2 'aoaz 0 éaz+'

antz O’O:ZT_ %3l>2 3_’2+;£

03022 0502+ %:X,Z 3 az+—

0,:,5 5,0, 0,5,3 ,0,:

0,',0 %03% 1’0 0 Oa%al

ansi anag ?a?ai : E

03020 ans% lal 0 lalal

P4,/mbc

Reflection conditions

General:

Okl : k=2n
hhl : | =2n
00/ : | =2n
h00: h=2n

Special: as above, plus

no extra conditions

il : 1 =2n
hkl : h+k,1=2n
hkl : h+k,1=2n
hkl : h+k1=2n
hkl : h+k,1=2n
hkl : h+k1=2n
hkl : h+k,1=2n



